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012.10.0Abstract In this paper, a novel method called generalized of the variational iteration method is
presented to obtain an approximate analytical solution for strong nonlinear oscillators problem
associated in engineering phenomena. This approach resulted in the frequency of the motion as a
function of the amplitude of oscillation. It is determined that the method works very well for the
whole range of parameters and an excellent agreement is demonstrated and discussed between
the approximate frequencies and the exact one. The most signiﬁcant features of this method are
its simplicity and excellent accuracy for the whole range of oscillation amplitude values. Also,
the results reveal that this technique is very effective and convenient for solving conservative oscil-
latory systems with complex nonlinearities. Results obtained by the proposed method are compared
with Energy Balance Method (EBM) and exact solution showed that, contrary to EBM, simply one
or two iterations are enough for obtaining highly accurate results.
ª 2012 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V.
All rights reserved.1. Introduction
Nonlinear functions are crucial points and terms in engineer-
ing problems and the solutions of many signiﬁcant physical
problems are centered on ﬁnding precise solutions to these
functions. The study of nonlinear problems is of crucial(Y. Khan).
lty of Engineering, Alexandria
g by Elsevier
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03importance not only in all areas of physics but also in engineer-
ing and other disciplines since most phenomena in our world
are essentially nonlinear and are described by nonlinear equa-
tions. For instance, most engineering problems, especially
some oscillation equations, are nonlinear [1–7]. Because solv-
ing nonlinear problems is very difﬁcult and for a given nonlin-
ear problem, getting an analytic approximation is generally
more difﬁcult than getting a numerical one considerable atten-
tion has been recently directed towards analytical solutions for
nonlinear equations without possible small parameters. Tradi-
tional perturbation methods have many shortcomings: they are
not useful for strongly nonlinear equations and cannot be ap-
plied directly if there is no small parameter in the equation. To
overcome these shortcomings, many asymptotic and analyticalion and hosting by Elsevier B.V. All rights reserved.
Table 1 Comparison between analytical (GVIM and EBM) and exact solution for m= 1.
A T(GVIM 1) T(GVIM 2) T(EBM) T(exact) Error percentage for
EBM GVIM1 GVIM2
0.1 6.259755 6.259762 6.259755 6.259762 0.0001 0.0001 0
0.5 5.765846 5.768807 5.765846 5.768846 0.052 0.052 0.0007
1 4.749642 4.767393 4.749642 4.768022 0.3855 0.3855 0.0132
5 1.413827 1.439799 1.413827 1.441937 1.9494 1.9494 0.1483
10 0.720731 0.735056 0.720731 0.736289 2.1131 2.1131 0.1675
50 0.145065 0.148024 0.145065 0.148283 2.1698 2.1698 0.1744
100 0.072547 0.074028 0.072547 0.074158 2.1717 2.1717 0.1746
352 Y. Khan et al.techniques have been used in order to handle period solutions
of strong nonlinearity. These methods include Variational Iter-
ation Method (VIM) [8,9], Energy Balance Method (EBM)
[10,11], Hamiltonian approach [12,13], Variational approach
[14], amplitude-frequency formulation [15], Homotopy Pertur-
bation method [16–18] and Lindstedt–Poincare´ method [19].
This letter attempts to provide a convenient solution method-
ology; therefore, variational iteration method was modiﬁed
and named Generalized of the Variational Iteration Method
(GVIM) in order to obtain analytic approximate solutions
for a nonlinear oscillator.
A particle of mass m was considered which was moving un-
der the inﬂuence of the central force ﬁeld with the magnitude
of k/r2n+3. The equation of the orbit in the polar coordinates
(r, h) were governed using the following dimensionless second-
order differential equation
u00ðtÞ þ uðtÞ ¼ cu2mþ1ðtÞ; ð1Þ
where k and c are constants and u= 1/r. In this case, a family
of nonlinear differential equations [20,21] will be considered:
u00ðtÞ þ auðtÞ þ cu2mþ1ðtÞ ¼ 0;
aP 0; c > 0;m ¼ 1; 2; 3; . . . ð2Þ
The motion was assumed to be periodic and the problem
was to determine the angular frequency of oscillation and
the corresponding solution as a function of the system param-
eters and the amplitude, respectively. To solve Eq. (2) by the
GVIM method, it can be rewritten as:
u00ðtÞ þ x2uðtÞ ¼ FðuðtÞÞ; ð3Þ
where
FðuðtÞÞ ¼ x2uðtÞ  auðtÞ  cu2mþ1ðtÞ: ð4Þ2. Description of the method
To illustrate the basic ideas of the proposed method in [22,23],
the following differential equation is considered:
DuðtÞ þNuðtÞ ¼ fðtÞ; ð5Þ
where D is a linear operator, N a nonlinear operator and f(t)
an inhomogeneous term. Eq. (5) can be re-written as
v½u ¼ fðtÞ  w½uðtÞ ¼ hðuðtÞÞ; ð6Þ
where w is a nonlinear operator that embraces the nonlinear
source and the rest of linear operator of the Eq. (5); therefore,considering initial conditions to be zero with regard to the
independent variable. By taking Laplace transform of both
sides of Eq. (6) in the usual manner (since u0 is chosen so that
Lu0 = 0 and then by taking inverse Laplace transform, the fol-
lowing iteration formulation can be obtained:
unþ1ðtÞ ¼ u0ðtÞ þ
Z t
0
hðunðlÞÞbðt lÞdl; ð7Þ
provided that u0 is an initial solution with or without unknown
parameters, P(s) is a polynomial with the degree of the highest
derivative in Eq. (5) and L[h(u(t))] = h,
BðsÞ ¼ 1=PðsÞ;L½bðtÞ ¼ BðsÞ: ð8Þ
In this method, the problems are initially approximated
with possible unknowns and, till here, there has been no depen-
dence on small parameters; therefore, it can be applied in non-
linear problems without linearization or small perturbation.
The approximate solutions obtained by the proposed method
rapidly converge to its exact solution.
3. Application to the Dufﬁng oscillator
This oscillator was governed by the following differential
equation:
u00ðtÞ þ uðtÞ þ u7ðtÞ ¼ 0; ð9Þ
with these initial conditions:
uð0Þ ¼ A; u’ð0Þ ¼ 0 ð10Þ
which is formed from (2) when a= 1, c, m= 3, for applying
GVIM we have
u00ðtÞ þ x2uðtÞ ¼ FðuðtÞÞ; ð11Þ
where
FðuðtÞÞ ¼ x2uðtÞ  uðtÞ  u7ðtÞ; ð12Þ
by applying the GVIM, the following recursive iteration will be
constructed:
unþ1ðtÞ ¼ u0 þ 1x
Z t
0
sinðxðt lÞÞFðunðlÞÞdl: ð13Þ
The trial function was used for determining the angular fre-
quency x, i.e., the ﬁrst approximation to Eq. (13) was assumed
to be:
u0ðtÞ ¼ A cosðxtÞ ð14Þ
At ﬁrst, the following will be computed:
Table 2 Comparison between analytical (GVIM and EBM) and exact solution for m =3.
A T(GVIM 1) T(GVIM 2) T(EBM) T(exact) Error percentage for
EBM GVIM1 GVIM2
0.1 6.283184 6.283184 6.283184 6.283184 0 0 0
0.5 6.256511 6.256551 6.260301 6.256551 0.0599 0.0006 0
1 5.051871 5.10394 5.184489 5.105976 1.5377 1.0596 0.0399
5 0.067967 0.073629 0.073412 0.074464 1.4128 8.725 1.1213
10 0.008496 0.009204 0.009177 0.009309 1.418 8.7335 1.1279
50 6.8E-05 7.36E-05 7.34E-05 7.45E-05 1.4765 8.7248 1.2081
100 8.5E-06 9.2E-06 9.18E-06 9.31 E-06 1.3963 8.7003 1.1815
Figure 1 Error percentage comparison between analytical
(GVIM and EBM) and exact solution, m= 1, 0 6 A 6 100.
Figure 2 Error percentage comparison between analytical
(GVIM and EBM) and exact solution, m= 3, 0 6 A 6 10.
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64
A7 þ A½x2  1
 
cosðxtÞ  21
64
A7
 cosð3xtÞ  7
64
A7 cosð5xtÞ  1
64
A7
 cosð7xtÞ; ð15Þ
by taking the following relation into consideration:Z t
0
sinðxðt lÞÞ cosðnxtÞdl ¼
cosðnxtÞcosðxtÞ
xð1n2Þ
2t sinðxtÞ
(
; ð16Þ
the requirement of no secular term resulted in setting the coef-
ﬁcient of cos (xt) equal to zero which yielded the correspond-
ing approximate period of the oscillation as:
x ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
35A7 þ 64=8
p
therefore the ﬁrst approximation to the
periodic solution of the nonlinear oscillator was given by the
following equation:u1ðtÞ ¼ A cosðxtÞ þ A
7
3072x2
141 cosðxtÞ þ 126 cosð3xtÞ
þ14 cosð5xtÞ þ cosð7xtÞ
 
:
ð17Þ4. Conclusions
In this study, analytical solutions for frequency–amplitude
relations of the Dufﬁng-harmonic oscillator were presented
using Generalized of Variational Iteration Method (GVIM).
The approximate analytical frequencies obtained using this
technique gave excellent approximations to the exact solutions
for the whole range of the values of oscillation amplitude. To
illustrate the acceptable accuracy of the obtained result, it was
compared with energy balance method [21] and the exact solu-
tion [20].
Results in Tables 1 and 2 and Figs. 1 and 2 reveal that this
method can be considered as a viable alternative for conven-
tional methods which can solve highly nonlinear oscillatory
systems.
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